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Motivation
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Use Naive Bayes Classifier:
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Notation

Using the notation from [1]

Feature/sample X
Response/Label/Class C €{0,1}
Probabilistic prediction p(C1X)
Brier score

BS =li( (Clxl.)—cl.)2

n i=1

Note: Brier’s (1950) [2] original definition
l & v 2
BS = — Clx)-c
LS Sirtcin-a)



Brier score’s two-component decomposition

Given a predicted probability ¢
e Set of samples yield ¢
R ={x,:p(C=1lx)=1}
* Frequency at ¢
T,=#R /n
* Observed probability at ¢

~— — — 1 —_
p(clt):=p(C =117 = N I(c;=1)

! x;ER,
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Then Brier score can be rewritten as [3,4]

BS=f1n,[p(c|t)(t-1)2+(1-p(c|z))r2]dt
—f J'L’ p(clt) dt+f Jttp(clt)( p(clt))dt

J

'
Cahbratlon Refinement

e “Calibration”(a.k.a. “Reliability”) term indicates how close is
the assessment to the frequency in reality.

 “Refinement” term scores the usefulness of each forecast.
* Note: MSE = Bias? + Var



e Discrete version

K

K

BS=lEnk(tk - +lznk0 (1-0,)
N o

where we partition [0,1] into K bins, and within k-th

bin, 1, is the number of predictions, #, is usually

midpoint of the bin, o, is the observed relative
frequency.



Observed relative frequency

Reliability Diagram
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Observed relative frequency
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Decision Rule (threshold)

* Simply take threshold «

. 0, ifr=aq;
C =1

1, O.W.
and usually take a=0.5
 (Classification error

o 1
P,..(@)= [ plcina@ydi+ [ (1-p(cl)a(s)ds
then optimal threshold « = argminF,,,, (@) s.t.

plcla’)=0.5
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Observed relative frequency
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Multi-thresholds
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Un-calibrated

boundary
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Un-calibrated boundary:

Post-calibrated boundaries:

actual
predicted 0 1
0 1895 207
1 105 1993

Classification rate = 0.93

actual
predicted 0 1
0 1939 31
1 61 2169

Classification rate = 0.98
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Transformation
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e Platt scaling:

— a method Platt (1999) [5] used to transform SVM outputs
from [—%,+%] to posterior probabilities.

— It’s particularly effective for max-margin methods.

* |sotonic regression:

— a method Zadrozny and Elkan (2001, 2002) [7,8] used to
calibrate predictions from Naive Bayes, SVM and decision
tree models.

— Niculescu-Mizil etc (2005) [6] showed that it works better
than Platt scaling.



Platt scaling, essentially, is a sigmoid transformation

1
1+exp(ap + b)

g(plaab) =

* It can be implemented via logistic regression

* To avoid over-fitting, some of training data are
reserved to learn parameters of g(pla,b)



Isotonic regression solves problem: given a sequence of
data points y,,...,y,, how to best summarize this by a

monotone sequence f,,...,[8
Formally,

/;) = argnl/)j‘nz(yi _/J)i)z subjectto p, =---= 5,
i=1

* Unique solution exists, which can be obtained by
pool adjacent violators algorithm (PAVA)

e If skillfully programmed, PAVA is O(n)
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Observed relative frequency
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A data from Faraway’s paper (2016) [9]:

Source  Blazar Ccv
Training  CRTS 124 458
Testing CSS 32 86

e Linear discriminant analysis (lda) is used
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Additional topics

Multi-class case [2,8,10]

More scoring rules [11,12]

Bayesian binning [13]: a new transformation
Brier curve [14]
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